Abstract-There has been much interest over the past decade in the problem of asymptotic stabilization of the angular velocity of a rigid body with only two torque inputs. The smooth feedback laws proposed in the literature provide asymptotic stability with nonexponential convergence rates. This paper proposes discontinuous feedback laws to achieve asymptotic stability with exponential convergence rates.
Introduction
The angular velocity control of a rigid body with only one or two controls has been studied extensively in the literature. In particular, many strategies have been proposed for the stabilization and asymptotic stabilization problems. The asymptotic stabilization problem for the case of a single control aligned with an axis having components along all three principal axes was studied in [4] , [7] , [Q] . In [5] , it was shown by finding a Lyapunov function that the null solution of the angular velocity equations is asymptotically stabilizable by two control torques aligned with two principal axes if the uncontrolled axis is not an axis of symmetry. The same result was demonstrated in [3] using center manifold theory.
In this paper, it is first shown that the angular velocity equations of a rigid body with two control torques cannot be exponentially stabilized using any C1 feedback law, and hence, the rates of convergence provided by the smooth feedback laws proposed in the literature (see e.g. [ 3 ] , [5] , and references therein) are necessarily nonexponential. Discontinuous feedback laws are then constructed to achieve asymptotic stabilization with exponential convergence rates. The methodology followed in the construction of the discontinuous feedback laws is based on first transforming the nonlinear control system describing the evolution of the angular velocity into a discontinuous system which is exponentially stabilizable via smooth feedback laws, and then designing exponentially stabilizing feedback laws for the transformed system. Finally, transforming back into the original coordinates yields asymptotically stabilizing discontinuous feedback laws with exponential convergence rates for the original system. This construction proce dure is related to the approaches proposed in [2], [8] for the stabilization of nonholonomic systems.
Problem Formulation
Consider a rigid body which is controlled by means of two torque inputs applied about two principal axes. Let w 1 , w 2 , w 3 be the angular velocity components with respect to the principal axes, and denote by j l , j 2 , j 3 the respective principal moments of inertia. For simplicity, assume that the two torque inputs are about the first two principal axes. Then the Euler's equations of motion of the rigid body are given by
where ~1 , 7 2 are the torque inputs.
Applying the feedback transformation
Clearly, (4) defines a nonlinear control system with state w = ( w 1 , w 2 , ws) E R3 and control
Consider the problem of designing state feedback laws U = U ( W ) which asymptotically stabilizes the system (4) to the origin. This problem is of important practical interest since the designed state feedback laws can be used to asymptotically stabilize the angular velocity of a rigid body, for instance a rigid spacecraft, in an actuator failure mode. Clearly, if the uncontrolled principal axis is an axis of symmetry of the rigid body, i.e. if j1 = j 2 , then w 3 ( t ) = w3(0), 'it 2 0. This means (4) that w3 is a constant of the motion. In this case, the system is not even accessible. In particular, if w3(O) # 0, then w3 cannot be transferred to zero using any control function. In this paper, it is assumed that the uncontrolled principal axis of the rigid body is not an axis of symmetry, i.e. j 1 # j 2 .
The following result is a consequence of the fact that a smooth nonlinear control system is exponentially stabilizable using C1 feedback if and only if its linearization is stabilizable [IO]. Proposition 1: The angular velocity equations of a rigid body with only two control torques aligned with two principal axes cannot be exponentially stabilized using C1 feedback law.
Proof: It is easily verified that the linearization of the system (4) about the origin has an uncontrollable eigenvalue at the origin. Hence, the linearized system is not stabilizable. Thus, the system (4) violates the necessary condition for the existence of exponentially stabilizing C 1 feedback [lo] . It follows that the angular velocity of a rigid body with only two control torques aligned with two principal axes cannot be exponentially stabilized using C1 feedback law.
The above result demonstrates that the rates of convergence provided by smooth feedback laws proposed in the literature are necessarily nonexponential. firthermore, one can show that smooth feedback laws do not transfer the velocity of the rigid body to the origin in a reasonable amount of time. Thus, feedback laws which provide faster convergence rates are desirable. Next section demonstrates that exponential convergence rates are achievable via discontinuous feedback laws.
Discontinuous Feedback Laws
The idea employed in this section is based on first transforming the system (4) into a discontinuous one by applying a discontinuous coordinate transformation, e.g. by applying a a-process [l].
Possible a-processes for the system (4) are given by the passage from the coordinates (w1, w2, w3) to the coordinates ( w~, w~, w~I w~) , where wl # 0, and to the coordinates (w1, w2, w3/w2), where w2 # 0.
Consider the system (4). Restricting consideration to w? + w$ # 0 , stabilizing feedback control laws can be constructed as follows:
For the case when w1 # 0, applying the cT-process 
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Clearly, the feedback control law
( u I ( x ) , u z ( x ) )
where k,, i = 1 , 2 , 3 are the gains, yields the closed-loop system 21 = -k l x l ,
(7)
X 2 = -k 2 2 2 -k 3~3 , (8) x 3 = ax2 + k 1~3 .
(9)
Similarly, for the case when w2 # 0, applying the a-process 2 1 = w 1 , x2 = w 2 , x3 = -, we obtain
Clearly, the feedback control law where ki, i = 1 , 2 , 3 are the gains, yields the closed-loop system
(14)
Note that the two closed-loop systems corresponding to the first and second a-processes are exponentially stable when kl > 0 and k2 and k3 are chosen such that the matrix is a Hurwitz matrix. It is clear that the spectrum of the matrix A can be assigned arbitrarily through kg and k3.
Note also that in the original coordinates the two closed-loop systems corresponding to the first and second a-processes are given as follows: The following result can now be stated. 
Conclusions
The problem of asymptotic stabilization of the angular velocity of a rigid body with only two control torques aligned with two principal axes has been considered. Discontinuous feedback laws have been proposed to achieve exponential convergence rates. Boundedness and exponential convergence of the closed-loop state and control trajectories have been demonstrated.
